A relativistic description of the structure of heavy alkali atoms and alkali-like ions using S-spinors and L-spinors has been developed. The core wavefunction is defined by a Dirac-Fock calculation 
properties of light atoms, namely non-relativistic configuration interaction with a semi-empirical core potential method (CICP) [4] [5] [6] [7] . As a recent example, the dipole polarizability of the Si 2+ ion computed with a similar methodology is 11.688 a 3 0 [8] . An analysis of a resonant excitation stark ionization spectroscopy (RE-SIS) [9] experiment give 11.669(9) a 3 0 [8, 10] while a very sophisticated relativistic configuration interaction with many body perturbation theory calculation (MBPT) gave 11.670(13) a 3 0 [11] . Numerous other examples of very good agreement of the semi-empirical method with the most advanced ab-initio theoretical models for oscillator strengths and polarizabilities can be found in Ref. [12] [13] [14] .
There are a number of reasons for the success of the rel- It should be noted that the DF+core-polarization method adopted here has been extensively used by Migdalek and co-workers to calculate the oscillator strengths of many atoms [15] [16] [17] [18] . They solved the radial equations numerically [19] , and they typically restricted their transitions to between those of the low-lying states.
Here, we employ basis sets which enables the calculation of transition matrix elements between both the bound states and the continuum (pseudostates). This enables us here to compute atomic polarizabilities [20] , where the continuum makes a significant contribution [6] .
The present work gives a brief description of the strategy adopted to convert an existing non-relativistic Hartree-Fock (HF) program [21] into a relativistic DF program. Next, the technical details for performing calculations for one valence electron atoms and ions are discussed. These methods are then applied to the solution of hydrogen and hydrogenic atoms as a test for evaluation.
The main results presented are the oscillator strengths, and static and dynamic polarizabilities for the low-lying states of Sr + ions. In addition some of the magic wavelengths for 5s−5p J and 5s−4d J transitions are presented, at which the ac-Stark shift of the transition energy is zero. The static polarizabilities of Sr + can be used to estimate frequency shifts of 5s−4d J clock transitions due to background fields such as blackbody radiation shifts [22] .
The magic wavelengths can be used, for example, for high-precision trapping measurements [23, 24] 
II. FORMULATION AND VALIDATIONS
The single-electron Dirac equation can be written as,
where the Hamiltonian
p is the momentum operator, α and β are 4 × 4 matrices of the Dirac operators [25] . The V core represents the valence electron-core electrons interaction, and is described shortly.
We have two separate codes that we present the first results from here. The first is the DF calculation, which generates the closed-shell orbitals using purely Slatertype orbitals. The second code solves for a single valence electron orbiting the closed-shell using a mixture of the Slater-type orbitals produced by the first code with additional Laguerre-type orbitals to describe the valence electronic structure and continuum physics.
A. Calculations of core orbitals
The starting point of a calculation involving closed shells is the DF calculation for the core state of the atoms.
The DF equations are closely related to the HF equations. 
The next stage is to write each orbital in terms of Sspinors. Each orbital wavefunction can be written as
where κ is the relativistic angular quantum number which is connected to the total angular momentum quantum number j and the orbital angular momentum quantum number ℓ,
P nκ (r) and Q nκ (r) represent the large and small components of radial wavefunction, and Ω κm (r) and Ω −κm (r)
are the angular components.
The radial wavefunctions P nκ (r) and Q nκ (r) are expanded as N -terms in an S-spinor basis
where the superscript P and Q identify the "large" and "small" components of the Dirac spinor in a conventional way.
Although it is common to formally sub-divide the basis functions into small and large type functions and explicitly recognize this when casting the DF equations into operational form [3] , that approach is not adopted in the present paper. Instead, each orbital has a label identifying it as being of a large or small component in the present code. These labels are taken into account when computing the matrix elements of the DF Hamiltonian.
This approach is adopted since minimal modifications are needed for those parts of the program that construct and diagonalize the Hamiltonian. In effect, information about the spinor construction is confined to those parts of the program that evaluate the matrix elements of the basis functions.
S-spinors are generalizations of Slater type orbitals (STO) adapted to relativistic systems. The first modification is the inclusion of a radial r γ pre-factor with
to ensure these functions have the correct asymptotic form at origin. Here, Z is the atomic number and we adopt c = 137.0359991 as the speed of light (in atomic units).
The second modification includes choosing the large and small component basis functions to approximately satisfy the kinetic balance condition [2] . The unnormalized radial components are written as,
for orbitals with κ < 0, and
for orbitals with κ > 0, where
for the large components and
for the small components.
Numerical test: energy of closed-shell atoms
A DF basis set is formed as a collection of S-spinors with positive real exponents {λ i } and coefficients {p i } and {q i } ∀i = 1, 2, . . . , N S . that undergo variational optimization. The S-spinor for the orbitals with κ < 0 has a very simple form. The radial prefactor did not allow for additional powers of r as prefactors. This is distinct from the related STO basis sets used for non-relativistic calculations which usually have radial prefactors with a variety of powers of r [26] . In our calculations, the S-spinor basis sets used are based on non-relativistic basis sets. An STO basis with all functions restricted to n = ℓ + 1 was optimized for the non-relativistic calculation. Once the optimization was complete, this was modified by the replacement n → κ 2 − Z 2 /c 2 for S-spinors. This is based on the form of the exact wave functions for κ < 0. No further minor optimizations is undertaken as the relativistic scf calculations are time comsuming to do. Table I gives DF energies computed using S-spinor basis and numerical DF energies computed using GRASP92 [27] . It can be seen that the two sets of energies are in agreement with each other to at least six significant digits. Note that GRASP92 uses a finite difference method, so such differences are expected. See Supplemental 
and
where the balanced coefficient
with n i being a non-negative integer (n i 0 for κ < 0 and n i 1 for κ > 0), The L α n are Laguerre polynomials [29] which are computed using the recursion relation
with L 
where I ∈ 1, . . . , N . In order to compare with nonrelativistic calculations, we replace the energy E by ε = E − mc 2 , where m is the mass of the electron (m = 1 in atomic units).
Numerical test: energy of hydrogen atom
Our code was first tested by diagonalizing the ground state of hydrogen (ie. Z = 1, V core = 0) with N = values [30] , given that we are using the infinite proton mass approximation. These calculations were performed in quadruple precision arithmetic (also shown are their decay rates: these are discussed in the next section).
However, we can also compare the basis set conver- Hartree. This is suspicious of a double precision limitation inside the code for κ < 0 states. However, despite experimentation with both EISPACK and LAPACK eigensolvers we were unable to push below that of a purely double precision calculation. Thus, the remainder of the Sr + calculations shown in this paper are all computed in double precision, where the uncertainties relating to the core potential lie far above the limits established here.
C. Calculation of transition matrix elements
The 2 k -pole oscillator strength, f
IJ , from initial state Ψ I to another eigenstate Ψ J is defined as
with ε IJ = E J − E I being the excitation energy, j I is the total angular momentum for the initial state, and
is the k-th order spherical tensor. The line strength,
, is calculated via the reduced matrix elements between the orbitals
whose (orbital) matrix elements split into a radial part
multiplied by an angular part [3]
Numerical test: lifetimes of hydrogen atom
The lifetime of a given state Ψ I is computed as
ie. here the decay rate Γ I consists only of E1 (k = 1 dipole) and E2 (k = 2 quadrupole) pathways. The transition probabilities (in s −1 ) can be written as [31, 32] 
(where the energy differences, the speed of light, and the matrix elements in this formula are given in atomic units) The SI unit conversion factor is the inverse of the atomic unit of time A 0 = 1/(2.418884326509 × 10 −17 ) = 4.1341373336493 × 10 16 from the latest CODATA [33] .
The results of our calculations are shown in Table II, where again we also indicate our agreement with the NIST database [30] . This level of agreement was again expected as we are using an infinite mass proton approximation when solving the two-body problem.
D. Calculation of dynamic dipole polarizabilities
The dynamic dipole (k = 1) polarizability for a state with angular momentum j I = 1 2 is independent of the magnetic projection m I , whilst for j I > 1 2 it depends on m I , i.e. via scalar (α 
T (ω). (22) The 2 k -pole scalar polarizability is usually defined in terms of a sum over all intermediate states, excluding the initial state, whilst including the continuum [20] ,
The expression for the tensor part of the dipole polarizability for a state I can be written as
Of interest is mapping out the locations of 'tune-out'
wavelengths, ω t (where α
(1)
, and 'magic' wavelengths, ω m (where α [20] .
Numerical test: polarizability of Z = 60 ion
A benchmark test of the calculation is to compute the static dipole polarizability of hydrogenic ion ground states. The static dipole polarizability of the hydrogenic ground state for Z = 60 (excluding negative energy states) is found to be 2.8024692×10 −7 a.u.. This is in agreement to eight significant digits with a value computed recently using a B-spline basis [34] . The same level of agreement is achieved when negative energy states are included in the polarizability sum rule [34] . A similar degree of accuracy is achieved for the calculation of the quadrupole polarizability. The quadrupole polarizability of the hydrogenic ground state for Z = 60 (including negative energy states) is found to be 2.37114704×10
a.u.. This is in agreement to eight significant digits with the B-spline value [34] .
III. ATOMIC PROPERTIES OF Sr

+
Having independently validated the operation of our two codes, we now turn our attention to the computation of the challenging one-valence electron ion, Sr + , which requires the consequent usage of both codes. First we outline our treatment of the core-valence interaction.
The interaction of the valence electron with the core electrons can be approximated as a direct and exchange potential, along with a core-polarization interaction:
A detailed description of the relevant one-body matrix elements can be found in Ref.
[2]. In brief, the matrix elements of the direct interaction can be written as,
where the direct core potential acts locally and radially,
The ρ core is the density of all of the core electrons, where
The N core is the number of core orbitals (denoted by c)
obtained from a preceding DF calculation (see Table I ).
The exchange matrix element between the i-th and j-th valence electron and the core electrons can be written as a sum over the interaction with each core electron, viz.
where
Here r < and r > are the lesser and greater of the distances r 1 and r 2 of the electrons respectively (one of which here is a core electron). The radial integrals are computed numerically using Gaussian integration [28] , which enables the mixed usage of Slater-type orbitals (to most compactly represent the core) or Laguerre-type orbitals (which are orthogonal and thus be included towards completeness without linear dependence issues). In order to prevent the valence electrons collapsing into the core electron (S-spinor only) orbitals, a Gram-Schmidt orthogonalization of the orbital set is performed to ensure that all the electron orbitals are orthonormal.
B. Calculation of the semi-empirical potential
The e − -Sr 2+ one-body polarization potential V p1 is an extension of the semi-empirical polarization potential used previously [31] , here including dipole, quadrupole, and octupole contributions as
Here, the factors α
core is the static k-th order polarizability of the core electrons (obtained from independent calculations) and g
is a cutoff function designed to make the polarization potential finite at the origin, while we tune ρ ℓ,j for each ℓ, j combination.
In our calculations, the core values adopted for the dipole is α
(1) core = 5.813 a.u. [6, 35] , for the quadrupole is α (2) core = 17.15 a.u. [6, 35] , whilst for the octupole is α (3) core = 113 a.u. [36] . The cut-off parameters for the polarization potentials are listed in Table III . These parameters are set by tuning to the energy of the lowest state of each (ℓ, j) symmetry to the experiment value. The dipole transition matrix elements were computed with a modified transition operator [4, 31, 37, 38] , e.g.
The cutoff parameterρ used in Eq. (32) was the average of the s, p and d cutoff parameters (note, the weighting of the s was doubled to give it same weighting as the two p and d orbitals).
Results: Energies of Sr
+
For the Sr + calculations we used Laguerre parameters λ = 1.6 for s orbitals and λ = 1.2 for the others, with N = 50 orbitals for each angular momentum. The energies for a number of low-lying states are given in By tuning the polarization potential cutoff parameters, the spin-orbit splittings are correct for the 4d j and 5p j levels. This also makes reasonably accurate spin-orbit splittings for the more highly excited states. Such as, the present calculations of 6p j splitting is 0.001315 a.u.
while the experimental splitting is 0.001313 a.u.. The 5d j RCICP splitting is 0.000406 a.u. while the experimental splitting is 0.000395 a.u..
C. Line strengths and lifetimes
The line strengths for a number of low-lying transitions of Sr + are listed in Table V . Line strengths are mainly given for dipole transitions, while the exceptions are of the 5s → 4d j transitions. Table V also gives the line strengths from a previous non-relativistic calculation [31] , labeled as CICP, which can be regarded as a precursor to the present calculation. Finally, Table V lists the line strengths of the relativistic all-order single and double many-body perturbation theory (MBPT-SD)
calculation [36, 39] .
The non-relativistic CICP radial matrix elements are the same for the different members of the same spin-orbit doublets. So the different line strength are purely due to The energies are given relative to the energy of the Sr 2+ core.
The experimental data are taken from the National Institute of Science and Technology (NIST) tabulation [30] . Different estimates of the 5p j lifetimes are given in 
D. Static Polarizabilities
The contributions from the core to the dynamic polarizabilities is only via a scalar contribution, which was included by a pseudo-oscillator strength distribution [6, 55, 56] ,
The pseudo-oscillator strength distribution is tabulated in Table VIII , using the number of electrons in each shell as the oscillator strength. Note that in the calculations of polarizability difference for any two states, the core polarizabilities will effectively cancel each other.
The static dipole and quadrupole polarizabilities of the 5s, 5p j and 4d j states are given in Table IX There is only one experimental Sr + dipole polarizability that has been obtained [57] . In that experiment, the energy differences between the 5snf , 5sng, 5snh and 5sni states of neutral strontium have been used to make an estimate of the Sr + core polarizability. However, the relatively large uncertainty of 13% cannot be used to discriminate between the different theoretical estimates.
The RCICP quadrupole polarizability of the ground state is about 1% smaller than the MBPT-SD polarizability. The non-relativistic CICP calculation is 2% smaller than the MBPT-SD polarizability. This difference is a direct consequence of the difference in the underlying line strengths between the various calculations.
The RCICP dipole polarizabilities of 5p j agree with MBPT-SD polarizability very well. The dipole polarizability of 5p j states are negative. That is because the downward transition from 5p j to the 5s and 4d j have very big negative oscillator strengths which results in the negative polarizability. This is evident in Table XI (and   Supplemental Tables IV and V) One important application of polarizability is to give the magic wavelength by setting the difference between the polarizabilities of the involved two eigenstates to be zero. As an example, Table X gives the difference of static dipole polarizabilities for the 5s and 4d j states. The polarizability difference between the 5s and 4d 5 2 is relevant to the determination of the error budget for the 5s → 4d 5 2 clock transition [23] . Until recently, the only estimates of the polarizability difference came from atomic structure calculations [31, 39, 59, 60] . However, the scalar polarizability for this transition has recently been measured by utilizing the time-dilation effect [22] . The time di- lation experiment gives a scalar polarizability difference that lies almost exactly halfway between the RCICP and MBPT-SD polarizability differences.
E. Dynamic polarizabilities and magic wavelengths
The Sr + dipole scalar and tensor dynamic polarizabili- Table VI lists the breakdown of the polarizabilities for the static case and at the magic wavelengths. This is probably the most interesting transition since it is the transition of . This is similar to Ca + [53, 61] , in which the magic wavelength of 
F. Uncertainties in the magic wavelength positions
An uncertainty analysis has been done for the magic wavelengths given in the preceding section. This analysis estimates how uncertainties in the matrix elements will translate into changes in the magic wavelengths. The motivation for this analysis is to define reasonable upper and lower limits on the wavelength to assist an experimental search for these magic wavelengths.
For the 5s → 5p j polarizability differences, the matrix elements of 5s → 5p j , 5p j → 5s, 5p j → 4d j , 5p j → 6s and 5p j → 5d j are dominant. For the 5s → 4d j polarizability differences, the 5s → 5p j and 4d j → 5p j matrix elements are dominant. All these matrix elements were changed by 2% (as most of the reliable calculations and experiments agree with each other within a 2% difference) and the magic wavelengths were recomputed. The resultant difference is set as the uncertainty of the magic wavelength. The matrix elements involving the different spin-orbit states of the same multiplet were all given the same scaling.
The uncertainties of each magic wavelength is given in Table XI (and Supplemental Tables IV, V, This approach can also be used for a variety of heavy atoms or ions, such as Cs, Ba + , Yb + , and so on.
Atomic properties including the energy levels, the oscillator strengths, the static and dynamic multipole polarizabilities, the black-body radiation shifts, and the dispersion coefficients that characterize the long-range interaction between pairs of atoms, can be studied with improved accuracy over our previous non-relativistic-based CICP treatment [6] . 
